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We study the magnetic susceptibility of one-dimensional S = 1/2 antiferromagnets containing
non-magnetic impurities which cut the chain into finite segments. For the susceptibility of long
anisotropic Heisenberg chain-segments with open boundaries we derive a parameter-free result at
low temperatures using field theory methods and the Bethe Ansatz. The analytical result is verified
by comparing with Quantum-Monte-Carlo calculations. We then show that the partitioning of the
chain into finite segments can explain the Curie-like contribution observed in recent experiments on
Sr2Cu1−xPdxO3+δ. Possible additional paramagnetic impurities seem to play only a minor role.
PACS numbers: 75.10.Jm, 75.10.Pq, 02.30.Ik
Measurements of the magnetic susceptiblity, χ, on an-
tiferromagnetics at low temperatures, T , often reveal
a (Curie) term χ ∝ 1/T . This is usually associated
with paramagnetic impurities (free spins). For one-
dimensional S=1/2 systems, however, a second mecha-
nism exists which leads to a contribution with somewhat
similar T -dependence. Non-magnetic impurities can cut
the chain into finite segments with essentially free bound-
aries. At T/J ≪ 1/L (J being the exchange constant)
a segment with odd length L will lock into its doublet
ground state yielding also a 1/T contribution [1–4]. How-
ever, the behavior is considerably more complicated at
higher T . As we show, fitting data to a Curie form for
a limited range of T can lead to an underestimate of the
impurity concentration by as much as a factor of ten! In
general, the different T -dependence could make it pos-
sible to distinguish this type of impurity from paramag-
netic ones providing useful structural information.
These results are relevant for materials like Sr2CuO3+δ
which is known to be an almost ideal realization of the
spin-1/2 Heisenberg chain with a nearest-neighbor cou-
pling constant J ∼ 2200 K and a low Ne´el temperature
TN ∼ 5 K∼ 0.002 J [5, 6]. Measurements of the magnetic
susceptibility have revealed a Curie contribution which
could be dramatically reduced by annealing. The Curie
term therefore is believed to be mainly caused by ex-
cess oxygen [5, 6]. Recently, susceptibility measurements
have also been reported on Sr2Cu1−xPdxO3+δ with Pd
serving as a non-magnetic impurity [7].
In this letter we show that these susceptibility data
can be explained by taking the segmentation of the chain
due to the non-magnetic impurities into account properly
without including any additional paramagnetic impuri-
ties. To this end we derive a parameter-free analytical
result for the susceptibility of an anisotropic Heisenberg
chain with finite length and open boundary conditions
(OBCs) at low temperatures using field-theory methods.
This extends and generalizes previous results in the scal-
ing limit [2, 3] and for the boundary susceptibility in the
thermodynamic limit [8–11]. We will verify our analytical
result using Quantum-Monte-Carlo (QMC) calculations.
We consider an anisotropic spin-1/2 Heisenberg chain
consisting of segments with length L and OBCs
H = J
L−1∑
i=1
[
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z
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z
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]
. (1)
Here, ∆ parameterizes the exchange anisotropy. We as-
sume that T ≫ TN so that interchain couplings can
be safely ignored. As argued at the end of this letter,
longer-range interactions which could bridge between the
chain segments can be neglected as well in the parameter
regime we are interested in. For a concentration of chain
breaks p the average chain length is given by L¯ = 1/p−1
and the averaged susceptibility by [12]
χp = p
2
∑
L
L(1− p)Lχ(L) . (2)
We now calculate the susceptibility χ(L) =
〈(∑i Szi )2〉/(LT ) in the low T large L limit using field-
theory methods. We start with the Hamiltonian (1) in
the scaling limit, i.e., ignoring irrelevant operators. The
Hamiltonian is then equivalent to a free boson model [13]
H =
v
2
∫ L
0
dx
[
Π2 + (∂xφ)
2
]
. (3)
Here φ is a bosonic field obeying the standard commu-
tation rule [φ(x),Π(x′)] = iδ(x − x′) with Π = v−1∂tφ.
The velocity v is a known function of the anisotropy ∆.
Using the mode expansion for OBCs[2]
φ(x, t) = piR + 2piRSz
x
L
(4)
+
∞∑
n=1
sin (pinx/L)√
pin
(
e−ipin
vt
L an + e
ipin vt
L a†n
)
2where R is the compactification radius of the bosonic
field, the Hamiltonian (3) can also be expressed as
H =
piv
KL
S2z − hSz +
piv
L
∞∑
n=1
n(a†nan + 1/2) . (5)
Here an is a bosonic annihilation operator, Sz an integer
(half-integer) for L even (odd) and h the magnetic field.
K - the so called Luttinger parameter - is related to the
compactification radius byK = 1/(2piR2) and is a known
function of anisotropy ∆ as well. The susceptibility in the
scaling limit is then given by
χs = −∂
2f
∂h2
∣∣∣∣
h=0
=
1
LT
∑
Sz
S2z exp
[− pivKLT S2z]∑
Sz
exp
[− pivKLT S2z] . (6)
For LT/v→ 0 and L even χs ∼ 2LT exp
[− pivKLT ] whereas
for L odd χs ∼ (4LT )−1. For LT/v → ∞ the thermo-
dynamic limit result χs = K/(2piv) is recovered. Correc-
tions to scaling occur due to irrelevant bulk and bound-
ary operators. The leading bulk irrelevant operator for
0 < ∆ ≤ 1 is due to Umklapp scattering yielding the
following correction to (3)
δH = λ1
∫ L
0
dx cos (2φ/R) , (7)
with λ1 being the Umklapp scattering amplitude. To
obtain χ to first order in the operator (7) for L and
T finite the expectation value 〈exp(±2iφ/R)〉 has to
be calculated. Using the mode expansion (4) this
expectation value splits into an Sz (zero mode) and
an oscillator part. Upon using the cumulant theo-
rem for bosonic modes we obtain 〈exp(±2iφ/R)〉 =
〈exp(±2iφ/R)〉Sz exp(−2〈φφ〉osc./R2) with
〈φφ〉osc. =
∞∑
l=1
sin2(pilx/L)
pil
(
1 +
2
epivl/(TL) − 1
)
. (8)
Introducing a cutoff α for the zero temperature part in
(8) and using
∑∞
l=1 z
l/l = − ln(1 − z) for |z| < 1 we
obtain the following correction to (6)
δχ1 =
2λ˜1
T 2
(pi
L
)2K
η6K
(
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]−K
(9)
with
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Here η(x) is the Dedekind eta-function, θ1(u, q) the ellip-
tic theta function of the first kind [14] and λ˜1 = α
2Kλ1.
For K < 3/2 the integral in (9) is convergent, the cutoff
can be dropped, and the last line becomes equal to one.
An additional correction arises due to the presence of an
irrelevant boundary operator. In essence, this operator
changes the length of the chain L to some effective length
L + a [2]. Replacing L by L + a in the exponentials in
(6) and expanding to lowest order in a yields
δχ2 = −piva g1(exp[−piv/(KLT )])/(KT 2L3) (11)
with
g1 (q) =
(
∑
Sz
S2zq
S2
z )2
(
∑
Sz
qS
2
z )2
−
∑
Sz
S4zq
S2
z∑
Sz
qS
2
z
. (12)
For K > 3/2 we isolate the cutoff dependence by sub-
tracting the Taylor expand of the integrand in (9) to first
non-vanishing order in y, and then take α → 0, yielding
a convergent integral. The cutoff dependent part has ex-
actly the same form as (11). We can therefore think of
a in (11) as a parameter incorporating both contribu-
tions. In the thermodynamic limit g1
(
e−piv/(KLT )
) →
K2T 2L2/(2pi2v2) and δχ2 → Ka/(2pivL). In this limit
we can compare the field theory result with a recent
calculation of the boundary susceptibility based on the
Bethe ansatz [9, 10] leading to
a = 2−1/2 sin [piK/(4K − 4)] / cos [pi/(4K − 4)] . (13)
Because the amplitude λ˜1 is known exactly as well
[10, 15], the obtained result is parameter-free. In Fig. 1
a comparison between this field theory result and QMC
data for ∆ = 3/4 is shown and in the left inset the correc-
tions to the scaling limit (6) due to the leading irrelevant
bulk and boundary operator are visualized. More gen-
erally, we always find excellent agreement if T/J . 0.1
and L & 10. The range of validity can be extended in
principle by including terms in higher order perturbation
theory in λ1. However, if T/v ≫ 1/L it is justified to sep-
arate χ into a bulk, χbulk, and a boundary contribution,
χB, and to perform the thermodynamic limit for each of
them separately. A combination of this result [10] (blue
dashed line in Fig. 1) with the result derived in this let-
ter yields an excellent parameter-free description of the
susceptibility for anisotropic chains of finite length up to
T ∼ J/2.
For K = 1 (∆ = 1) perturbation theory alone is not
sufficient because Umklapp scattering becomes marginal.
In this case the coupling constant λ˜1 has to be replaced by
a renormalization group (RG) improved running coupling
constant [15, 16]. λ˜1 then becomes a function of the
two length scales L and v/T . For small enough energies
the smaller scale will always dominate and the running
coupling constant becomes λ˜1(L, v/T ) = g/4 with [15]
1/g + ln(g)/2 = ln
(√
2/pie1/4+γmin[L, v/T ]
)
. (14)
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FIG. 1: (Color online) QMC data for ∆ = 3/4 and L = 99
(red squares), L = 100 (black dots) compared to the field
theory result derived here (green solid lines). The blue dashed
line denotes χ = χbulk + χB/L (see Eqs. (148, 149) in [10]).
Left inset: Corrections to scaling for even length chains and
∆ = 3/4. QMC data are represented by symbols, the field
theory by the green lines. Right inset: Same as main figure
for ∆ = 1 with a = 5.8 and χbulk , χB as obtained in [8, 15].
where γ is the Euler constant. δχ1 in the isotropic case is
therefore given by (9) with the last line dropped and λ˜1
replaced by λ˜1(L, v/T ). Furthermore, K in (6) should be
replaced by 1+g(L, T )/2 so that KL in the exponentials
gets replaced by L(1 + g/2+ a/L). For this case a is not
known and we will use it as a fitting parameter. This way
we obtain excellent agreement if T/J . 0.1 and L & 10
(see right inset of Fig. 1). At LT ≪ v the corrections to
the scaling formula (6) in the isotropic case due to the
marginal interaction can also be understood as follows.
In this limit the most important correction to (6) arises
from the correction to the excitation energy of the lowest
excited states with Sz = ±1, E → (piv/L)[1− g(L)], [17]
corresponding to the replacement 1/K → 1−g(L) in (6).
Here g(L) is given by (14) but with min[L, v/T ] simply
replaced by L.
These analytical results, supplemented by numerical
data for L . 10, can be used to calculate the averaged
susceptibility (2) at low temperatures. In addition, we
have calculated χ(L) numerically for all L ∈ [1, 100] and
certain additional L up to L = 1000 at various tempera-
tures. An interpolation and extrapolation was then used
to obtain χ(L) for all lengths up to L = 5000 at a given
temperature [19]. This allows us to reliably calculate χp
(2) for impurity concentrations p & 0.2% (L¯ . 500).
Experimental data for the susceptibility of the quasi
one-dimensional compounds Sr2Cu1−xPdxO3+δ have
been analyzed in [5–7] by decomposing it into χ =
χ0+χC+χinf.. Here χ0 represents a constant part due to
core diamagnetism and Van Vleck paramagnetism, χC a
Curie term and χinf. the susceptibility (per unit length)
of the infinite S = 1/2 Heisenberg chain. However, our
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FIG. 2: (Color online) Tχp for p = 0.01, 0.03, 0.05, 0.07, 0.1
from bottom to top (black dots with dashed lines being a
guide to the eye). The blue solid lines denote the value (p/4) ·
(1−p)/(2−p) reached in the limit T ≪ pv. Inset: Same data
for Tχp with subsequent curves shifted by 0.01 compared to
Tχbulk + p/[12 ln(2.9J/T )] (red dashed lines) reached in the
opposite limit.
results show that non-magnetic impurities (chain breaks)
have a quite different effect than paramagnetic impuri-
ties. In the extreme low-T limit, T ≪ pv, chain breaks
will lead to 1/T -behavior with a strength reduced from
that which would arise from the same density of paramag-
netic impurities by the fraction of chains of odd length,
(1 − p)/(2 − p) ≈ 1/2. In the opposite limit pv ≪ T
(but T still ≪ J), chain breaks lead to a correction to
the pure result of ≈ p/[12T ln(2.9J/T )] corresponding
to an “effective paramagnetic impurity concentration” of
≈ p/[3 ln(2.9J/T )] which can be ≪ p for T ≪ J . This
behavior is illustrated in Fig. 2.
It has been shown that the Curie-like contribution to
the susceptibility of Sr2CuO3+δ can be significantly re-
duced by annealing under Ar atmosphere indicating that
this contribution is mostly due to excess oxygen [20]. We
expect the additional interstitial oxygen ions to be in a
O2− ionization state. Each oxygen ion would then dope
two holes into the chains. If these holes are immobile
they effectively act like chain breaks. It has been pointed
out that the next-nearest neighbor coupling is not that
small, J2 ∼ J/16 ≈ 140 K [18]. Whereas we expect
this irrelevant coupling to cause only small corrections
to the susceptibility of an isolated chain segment the fact
that it can bridge a chain break could be significant. A
first order perturbative calculation, however, shows that
the correction to the averaged susceptibility is given by
δχp ∼ pJ2χ2p. We can therefore ignore both interactions
as long as T ≫ max(pJ2, J⊥) making the model discussed
here applicable. As shown in the inset of Fig. 3 it is in-
deed possible to explain the data in [5] for the unannealed
sample using a 0.6% concentration of chain breaks. If our
picture is correct the amount of excess oxygen is signifi-
cantly larger than assumed in [5], 0.06%.
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FIG. 3: (Color online) Measured susceptibility T (χ− χ0) for
Sr2Cu1−xPdxO3+δ with x = 0.5, 1, 3% (crosses from bottom
to top) where a constant χ0 (see Table I) has been subtracted.
The green dots represent the best theoretical fit with p as in
Table I. Subsequent curves are shifted by 3 × 10−3. The
blue solid lines represent (p/4) · (1 − p)/(2 − p) and the red
dashed lines Tχbulk + p/[12 ln(2.9J/T )]. Note that fits χ =
χ0+χinf.+ppara/(4T ) in the regime T > 50 K would be similar
to the red dashed lines with effective paramagnetic impurity
concentrations ppara ≈ p/[3 ln(2.9J/T )] an order of magnitude
smaller than the nominal Pd concentrations. Inset: Same for
“as grown” sample of Sr2CuO3+δ from Ref. [5].
The Sr2Cu1−xPdxO3+δ samples used in [7] were not
annealed. This complicates the analysis of the suscep-
tibility data because excess oxygen again leads to chain
breaks in addition to those caused by the non-magnetic
Pd ions. The amount of excess oxygen hereby seems to
vary significantly from sample to sample. This is most
apparent when comparing the measured susceptibilities
for x = 0.5% and x = 1% which are almost identical
apart from a small constant shift. We therefore treat the
impurity concentration p as a fitting parameter. Results
where we used J = 2200 K and a gyromagnetic factor
g = 2 are shown in Fig. 3 and Table I. The figure clearly
TABLE I: Concentration x of Pd ions in experiment com-
pared to impurity concentration p and constant contribution
χ0 yielding the best theoretical fit. The first line corresponds
to the “as grown” sample of Sr2CuO3+δ from Ref. [5].
x (Exp.) p (Theory) χ0 [emu/mol]
0.0 0.006 −7.42 × 10−5
0.005 0.012 −7.7× 10−5
0.01 0.014 −7.5× 10−5
0.03 0.024 −7.5× 10−5
shows that the susceptibility data are indeed quite dif-
ferent from what would be expected for paramagnetic
impurities. Most of the data are taken in the non-trivial
crossover regime pv ∼ T and are well described by our
theory. Note, that the deviations at low temperatures
are expected because the suppression of the susceptibility
due to interchain and next-nearest neighbor interactions
is not taken into account in our model. For x = 0.005
and 0.01 the effective impurity concentrations p are larger
than the nominal Pd concentration. p− x roughly coin-
cides with the number of chain breaks in the “as grown”
Sr2CuO3+δ supporting our picture of additional chain
breaks due to excess oxygen. For x = 0.03, however, p
is smaller than the nominal Pd concentration. Possible
explanations are that for larger doping levels some of the
Pd ions go in interstitially instead of replacing Cu ions or
that the sample exhibits some sort of phase separation.
Future measurements on annealed Sr2Cu1−xPdxO3 sam-
ples would be helpful to clarify some of these issues.
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